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Abstract

An accurate laminate model developed by using multilayer shear deformable plate modeling and interface elements,

based on fracture mechanics and contact mechanics, is proposed to analyze mixed mode delamination in composite

laminates. Perfect adhesion along the undelaminated portion of the delamination plane is simulated by treating in-

terface stiffnesses as penalty parameters, whereas to enforce interface displacement continuity between plate elements

constituting each sub-laminate above or below the delamination plane, the Lagrange multiplier method is used. The

governing differential equations are derived through a variational procedure by using a modified total potential energy

functional. Results are obtained by numerical integration of the non-linear three-point boundary value problem

modeling mixed-mode delamination of the laminate plate subjected to end loading, which accounts also for the fric-

tionless contact condition.

The coupling of a penalty procedure with the Lagrange multiplier method, results in an accurate and direct energy

release rate evaluation. Comparisons with results available from the literature obtained with a local continuum ap-

proach, show that mode partition may be performed to the desired accuracy by refining multilayer plate models for

each sub-laminate. In addition, original analytical formulas for mode partition are obtained by coupling the interface

approach and fracture mechanics concepts, evidencing the effectiveness of the proposed approach and gaining a better

insight into the influence of shear effects on mode decomposition. Numerical computations for practical problems,

evidence both the relative simplicity and the efficiency of the proposed model to represent mixed mode interlaminar

fracturing as well as crack–face interaction.
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1. Introduction

Classic delamination models based on plate theories, which are frequently adopted in the literature, are
very useful to obtain an accurate estimate of total energy release rate. According to these models, del-

amination analysis is carried out by considering the laminate as composed of two plate elements in the
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delaminated and a single plate element in the undelaminated region (see, for instance, Cochelin and Potier-

Ferry, 1991; Stor�aakers and Andersson, 1988; Williams, 1988; Kim, 1997; Kouchakzadeh and Sekine, 2000;

Bruno and Greco, 2000; Chai et al., 1981). On the other hand, classic delamination models may provide

inaccurate results especially when utilized to evaluate energy release rate mode components. As a conse-
quence, a notable underestimation of the actual energy release rate mode components may arise since shear

effects are usually neglected and the local crack tip strain state is not accurately estimated.

To obtain an accurate mode partition, a continuum formulation is often required (see, for instance,

Hutchinson and Suo, 1992; Schapery and Davidson, 1990). According to this methodology, mode partition

is developed at first by calculating the total energy release rate by using the classic plate theory and, sec-

ondly, completing mode decomposition by numerical solutions of the local continuum model which sub-

stitutes plate kinematics assumptions in a short plate element containing the delamination front, treated as

a semi-infinite crack scheme. This procedure may lead to the extraction of semi-analytical expressions for
energy release rate mode components (Suo, 1990; Suo and Hutchinson, 1990; Davidson et al., 1995),

in which shear effects are neglected. On the other hand, these effects can be taken into account in an

approximate way by correcting stress intensity factors (Nilsson et al., 2001a). However some other com-

plications may arise. As a matter of fact, for schemes whose complexity is increased due to anisotropic

properties, layup sequence and geometry, the local computation may become computationally expensive

and additional difficulties may be encountered due to the classic oscillatory singularity (Raju et al., 1988).

Moreover, some approximations may be needed to transfer the local problem results to the overall del-

amination analysis.
To this end, an intermediate approach between classic delamination models and that based on a local

continuum analysis, based on the interface element concept, has been proposed (Ascione and Bruno, 1985;

Allix et al., 1995; Allix and Corigliano, 1996; Point and Sacco, 1996; Bui et al., 2000). Interface models

when used in conjunction with plate theories, while retaining the simplicity of classic delamination models,

lead to an accurate and self-consistent delamination analysis. In addition they are able to account for non-

linear effects due to bridging mechanisms (Greco et al., 2002) or to damage and can easily incorporate the

unilateral contact condition.

The main objective of this paper is to asses the reliability of interface models, which have shown their
effectiveness and simplicity in determining total energy release rate and in incorporating transverse shear

effects (Bruno and Greco, 2001a,b), to derive mode partition. To this aim, the accuracy of fracture mode

partition obtained by interface models will be investigated in comparison with results obtained by using a

local continuum approach. This theoretical investigation would make a contribution to fill the gap between

continuum models and simplified models based on plates theories, used in delamination analysis and would

give a better insight into the influence of shear effects on mode partition, which has been frequently neg-

lected in models based on a local continuum approach. To this end, the interface model used in conjunction

with a first order shear deformable two-layer plate introduced in (Bruno and Greco, 2001a,b), is here
extended to a multilayer formulation in order to account for a more accurate description of the local crack

tip strain state and to incorporate contact analysis. Linear interface elements lead to a direct computation

of energy release rate mode components. The solution procedure, based on a numerical integration scheme,

utilizes the Lagrange multiplier and the penalty methods and accounts also for unilateral frictionless

contact by using a contact interface model.

Results obtained for two-dimensional delamination schemes show that the proposed model may be a

useful alternative to both methods based on a local continuum analysis and/or on the virtual crack closure

technique (VCCT). Generally speaking, the coupling between a plate formulation and the physical interface
model, which may be interpreted as a very thin layer embedding delamination, circumvents the classic

oscillatory problem and gives a better understanding of transverse shear influence on mode decomposition.

Specifically, for the problems considered here, the present methodology avoids the need for any additional

computation since is able to predict accurately mode separation directly in the stress analysis of the whole
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delaminated plate. On the other hand, for schemes that are more complex due to its geometrical and non-

linear characteristics, where the splitting into a global and local problem can be a more versatile approach

(Nilsson et al., 2001b), the proposed model can be efficiently used in the context of a local analysis to

compute directly mode partition, whereas continuum approaches may require more complex calculations
based on solid finite elements to capture the three-dimensional problem behavior. Extension of the present

analysis to more complex delamination problems (multiple delaminations, delamination buckling and

general geometries) will be object of future investigations.
2. Description of delaminated plate model

The model to be analyzed consists of a laminate plate composed of unidirectional fibre reinforced plies

and containing a single initial through-the-width delamination of length a, which separates the laminated

plate in two sub-laminates. The upper sub-laminate thickness is denoted with h1, whereas the lower sub-

laminate thickness is denoted with h2. The model is illustrated in Fig. 1. Assuming that the laminate width B
is large if compared to the x–y plane region affected by the local crack tip strain state, and constant loading

conditions along the width direction, a plane strain state may be considered. Arbitrary orientations of fibres

in plies may originate a small mode III energy release rate component, which is here neglected. A linear

interface model is introduced along the undelaminated portion of the delamination plane, whose constitu-

tive relationship has the form:
ryy ¼ kyyDw; ryx ¼ kyxDu; ð1Þ
which relates the components of the interface traction vector, ryy and ryx in the normal (y) and tangential (x)
directions, respectively, and the corresponding relative interface displacements, Dw and Du. This leads to a
direct mode decomposition through the following formulas:
GI ¼
lim

kyx;kyy!1
1
2
kyyDw2 DwP 0

0 Dw < 0

(
; GII ¼ lim

kyx;kyy!1

1

2
kyxDu2; ð2Þ
as proved in (Bruno and Greco, 2001a,b). In Eq. (2), Du and Dw are evaluated at the delamination front and

kyy , kyx represent the interface stiffness parameters, treated as penalty parameters. When interpenetration of

delaminated plate members happens, a pure mode II condition is assumed. To prevent interpenetration

between delaminated sub-laminates, a unilateral frictionless contact interface is introduced along the del-

aminated domain of the interface, characterized by a zero stiffness for opening relative displacements

(DwP 0) and a positive stiffness for closing relative displacements (Dw < 0). To this end the following

extended interface model, whose constitutive law is valid both for undelaminated and delaminated interface
domains, is introduced:
ryy ¼ 1

�
� 1

2
dð1þ signðDwÞÞ

�
kyyDw; ryx ¼ ð1� dÞkyxDu; ð3Þ
where d is a damage variable, taking the value 1 value for no adhesion and the value 0 for perfect adhesion

and sign is the signum function. In addition ryy is the contact stress, kyy is the penalty number imposing

contact constraint and sign is the signum function. When d ¼ 1 a contact interface is obtained and ryy is the

contact stress, whereas kyy is the penalty number imposing contact constraint. A very large stiffness restricts

sub-laminate overlapping and simulates contact condition.

The laminate is schematized by a multilayer plate model and, therefore, the upper sub-laminate is

divided into nu plate elements whereas the lower one into nl plate elements (see Fig. 1). Each plate element
may, in turn, represent one or several physical fibre-reinforced plies and is governed by the first order shear
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deformation theory. The thickness of the ith plate element is denoted by ti. The membrane strain at the

reference surface, the curvature and transverse shear strains, respectively, are defined as:
ei ¼ u0i; ji ¼ w0
i; ci ¼ wi þ w0

i;
where uiðxiÞ and wiðxiÞ are the mid-surface in-plane and transverse displacements, respectively, wiðxiÞ de-

notes rotations of transverse normals, and a prime denotes the derivative with respect to xi. The constitutive
relations between stress resultants and corresponding strains are:
Ni

Mi

� �
¼ Ai Bi

Bi Di

� �
ei
ji

� �
; Ti ¼ Hici; ð4Þ
where Ni is the membrane force resultant, Mi the moment resultant and Ti the transverse shear force re-

sultant. In addition, Ai, Di, Bi and Hi denotes the classical extensional, bending, bending-extensional
coupling and shear stiffnesses. Displacement continuity requirement along an undamaged interface com-
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prised between two adjacent plate elements, is imposed by means of a constraint functional introducing

opportune Lagrange multipliers.
3. Theoretical formulation

Assume a quasi-static delamination growth for the laminated plate. For simplicity, consider that the

plate is loaded by edge forces on one side and with clamped boundary conditions on the other side, as

illustrated in Fig. 1. Governing equilibrium equations will be derived through a variational approach, via

the minimization condition of a modified total potential energy functional for unit widthPk, which includes

interface displacement continuity by means of constraint functionals using opportune Lagrange multipliers

and adhesion and frictionless contact constraints, by using a penalty functionals. The modified total
potential energy functional for unit width of the laminate, can be expressed as follows
Pkðui;wi;wiÞ ¼ U þ I þ L� W ; ð5Þ

where U is the strain energy of the whole plate, I the interface penalty functional, L the Lagrange functional

constraint for adhesion between undamaged layers and W is the work of the external loads. In particular,

U , I and L assume the following expressions:
U ¼
Xnuþnl

i¼1

Z L

0

½Uiðui;wi;wiÞ�dx; I ¼
Z L

0

ðryyDwnl þ ryxDunlÞdx;

L ¼
Xnlþnu�1

j¼1

Z L

0

½kujDuj þ kwjDwj�dx j 6¼ nl; ð6Þ
where Ui ¼ 1=2ðNiei þMijiÞ is the strain energy density of the ith plate element; I is expressed in terms of

the relative opening and sliding interface displacements, Dwnl ¼ wnl � wnlþ1, Dunl ¼ unl � unlþ1, evaluated at
the interface between the nlth and the nl þ 1th plate elements (which is therefore denoted as the nlth in-

terface) and in terms of ryy , ryx, defined in Eq. (3); Duj and Dwj in the expression of L denote relative

displacements at the jth interface between the jth and the jþ 1th plate element:
Duj ¼ uj � tj
2
wj � ujþ1 � tjþ1

2
wjþ1

Dwj ¼ wj � wjþ1

�
j ¼ 1; . . . ; nu þ nl � 1; ð7Þ
and kuj and kwj denote Lagrange multipliers representing interlaminar stresses at the jth interface. In Eq. (5)

the subscript k denotes dependence on the penalty parameters and plate elements are numerated starting

from the lowest one.
The equilibrium equations are derived from the first variation of (5)
dPkðuj;wj;wj; kui ; kwi ; kyx; kyyÞ ¼ 0;

8fduj; dwj; dwj; dkui ; dkwig; j ¼ 1; . . . ; nl þ nu; i ¼ 1; . . . ; nl þ nu � 1; i 6¼ nl; ð8Þ
valid for every cinematically admissible displacements. The variation with respect to Lagrange multipliers

results in the following equations:
wj ¼ wnl j ¼ 1; . . . ; nl � 1;
wj ¼ wnlþ1 j ¼ nl þ 2; . . . ; nl þ nu;

�

uj ¼ unl þ
tnl
2
wnl þ

Pnl�1

k¼jþ1 tkwk þ
tj
2
wj j ¼ 1; . . . ; nl � 1;

uj ¼ un þ1 �
tnlþ1 wn þ1 �

Pj�1 tkwk �
tj wj j ¼ nl þ 2; . . . ; nl þ nu;

(
ð9Þ
l 2 l k¼nlþ2 2
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which allow the reduction to only nl þ nu þ 4 displacement variables, assumed to be
fwnl ;wnlþ1; unl ; unlþ1;wiði ¼ 1; . . . ; n1 þ nuÞg: ð10Þ

Then, separating the domain into the two regions x 2 ½0; a� and x 2 ½a; L� and performing integration by

parts gives local equilibrium equations, the related boundary (x ¼ a) and matching conditions (x ¼ a) for
stress resultants and the analytical expressions of Lagrange multipliers. Expressions for the matching
conditions and Lagrange multipliers can be found in Appendix A. From these formulas it can be noted that

boundary and matching conditions (x ¼ a) relative to arbitrary variations of section rotations, take into

account for possible concentrated Lagrange multipliers acting as forces in the x-direction and arising due to

a discontinuity in membrane force resultants. For instance, for the concentrated Lagrange multiplier at the

ith interface we have
kcui ¼
Xi

j¼1

Nj

�����
x¼0þ

�
Xi

j¼1

Nj; kcui ¼
Xi

j¼1

Nj

�����
x¼aþ

�
Xi

j¼1

Nj

�����
x¼a�

ð11Þ
at x ¼ 0 and at x ¼ a, respectively (see Fig. 1). Strictly speaking, concentrated Lagrange multipliers arise

only at the end of the sub-laminates (x ¼ 0) due to possible stress singularities whereas at the delamination

front stress singularities are excluded as far as the penalty parameters assume finite values. In the limit, as

the penalty parameters approach infinity, stress singularities at the delamination front are reconstructed

and concentrated Lagrange multipliers appear directly as a consequence of the limit procedure. Due to

stress concentration at the delamination front as the penalty parameters approach infinity, the solution may
change very rapidly near x ¼ a. Moreover, due to the non-linearity of the interface law (3), numerical

methods solving the two-point boundary value problem may suffer convergence difficulties. To avoid such

inconveniences, the two-point boundary value problem has been described as two problems, one for

x 2 ½0; a� and the other one for x 2 ½a; L�, by using the appropriate matching conditions arising from the

variational procedure.
4. Solution procedure and mode partition accuracy

The three-point boundary value problem governing the equilibrium of the delaminated composite

structure subjected to end forces, can be reformulated as a non-linear system of first order ordinary dif-

ferential equations subject to boundary conditions only at two-points. To this end, two separate sets of

unknowns for the intervals x 2 ½0; a� and x 2 ½a; L�, respectively, are introduced and a new independent

natural variable n spanning both the intervals is adopted trough the relations:
n ¼ x
a

x 2 ½0; a�; n ¼ x� a
L� a

x 2 ½a; L�: ð12Þ
Consequently, the common variable ranges from 0 to 1. Note that matching conditions at x ¼ a become

coupled boundary conditions for the reformulated differential problem, since they involve values of the

solution at both ends of the interval ½0; 1�. As a result, the reformulated boundary value problem assumes

the form
y0kðnÞ ¼ gkðyk; nÞ; 06 n6 1; ð13Þ

where yk ¼ fy1; y2g

T
is a vector of the unknown functions of the problem (collecting displacement pa-

rameters and their derivatives), with y1 and y2 the row vectors corresponding to the interval x 2 ½0; a� and
x 2 ½a; L�, respectively. These vectors assume the form:
y ¼ fw ;w0 ;w ;w0 ; u ; u0 ; u ; u0 ;w ;w0 ; . . . ;w ;w0 g i ¼ 1; 2: ð14Þ
i nl nl nlþ1 nlþ1 nl nl nlþ1 nlþ1 1 1 nlþnu nlþnu
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gk is an opportune vector function. In Eqs. (13) and (14) the prime denotes differentiation with respect to n.
The subscript k denotes explicit dependence of the solution y from the penalty parameters. Eq. (13) is

subjected to the two-point linear boundary conditions:
B0ykð0Þ þ B1ykð1Þ ¼ c; ð15Þ

where B0 and B1 are opportune matrices containing coefficients of boundary and matching conditions and c
is an opportune known vector depending on the applied forces. The two-point boundary value problem for

fixed values of the penalty parameters, has been solved by means of an iterative collocation method im-

plemented in MATLAB The Math Works Inc. (2000) which provides a C1-continuous solution by using a

cubic collocation polynomial on each subinterval of the mesh. Starting from an initial guess for the solution

and the mesh, at each iteration the method adapts the mesh to obtain a sufficiently accurate numerical
solution. The accuracy is measured by controlling the size of the residuals of numerical solution in both

differential equations and boundary conditions. The solution satisfying both adhesion and contact con-

straints is obtained by means of a numerical limit procedure for discrete values of the penalty parameters,

as
y ¼ lim
kyy ;kyx!1

yk: ð16Þ
It is worth noting that each element of the sequence generated by the penalty procedure is in turn the result
of a non-linear iteration process needed to satisfy the non-linear differential problem (13). For a faster

convergence, in the numerical procedure the sliding and opening penalty parameters has been suitably

calibrated to account for the evolution of interface relative displacements. Moreover, the use of different

values for penalty parameters in the delaminated and undelaminated zones may be a good strategy to

obtain a more efficient solution procedure. The penalty procedure has been terminated until the numerical

solution has satisfied the following tolerance criterion based on the energy release rates:
maxfeGI; eGII; eGTg6 10�3; ð17Þ

where eGI, eGII and eGT represent the relative errors for energy release rate mode components and total

energy release rate, respectively. Moreover, the tolerance criterion (17) was coupled with the following one
DwnlðxÞPnlþnu
i¼1 hi

> �e x 2 Xc; ð18Þ
to obtain a sufficiently accurate solution in the case when contact may occur. In numerical applications the

value of e was chosen to be no larger than 10�5. For large values of the penalty parameters kyy and kyx the
solution changes rapidly and a supposition good enough to represent this behavior must be adopted. To

this aim a continuation technique in the penalty parameters is adopted, according to which the mesh and

solution for one value of the penalty parameters is used as an initial supposition for larger values. The

convergence behavior of computed values for energy release rates in the penalty procedure augmented by

means of the continuation technique, is shown in Fig. 2 where a logarithmic scale (base 10) is used for the

horizontal axis. The penalty parameters are assumed to be equal (i.e. kyy ¼ kyx ¼ k). The sub-laminates are
considered as two equally isotropic homogenous plates with the following material and geometrical

properties:
E1 ¼ E2 ¼ E ¼ 70; 000 MPa; t1 ¼ t2 ¼ 0:3; T ¼ 0:1 N=mm; a ¼ 10 mm; ð19Þ

and two end vertical opposite forces are applied. Each curve for both mode components and total energy

release rate, corresponds to a uniform division of the upper and lower sub-laminates into nu and nl plate
elements, respectively. Note that the total energy release rate does not depend on the sub-laminate division.

From Fig. 2 it can be noted that for a low number of plate elements the total energy release rate has a
convergence rate higher than that of the energy release rate mode components. Moreover, the convergence
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rate of the individual energy release rates increases as the division is refined and approximately both mode

components and total energy release rate reach the same convergence rate.

The mode partition obtained by using the numerical solution (16) in formulas (2), is now compared to

analytical results available in the literature based on two-dimensional continuum models. In particular, the

solution provided by (Suo, 1990; Suo and Hutchinson, 1990) is adopted, valid when membrane and

bending force resultants are applied at the laminate edge because is obtained by using the classic plate

theory and the continuum approach. The classic double cantilever beam (DCB) scheme is examined for
different thickness ratios. Results have shown that if sub-laminates are modeled by the same number of

plate elements, refining uniformly sub-laminate division leads to a good agreement with Suo�s results only
when the delamination is located near the plate mid-plane (i.e. h1=h2 � 1). To obtain an accurate mode
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partition, sub-laminate division must reflect plate configuration, by using more plate elements on the

thicker sub-laminate, as shown in Fig. 3. In these circumstances, results from the proposed model are in

good agreement with Suo�s results for all examined thickness ratios. As the thickness ratio decreases to-

wards the thin film model, a more refined sub-laminate division is needed to capture the actual local del-

amination tip strain state. The relative energy release rates differences between our numerical results and

Suo�s are within 1%, except when the thickness ratio is less than 0.2. When h1=h2 ¼ 0:2 the error is equal to
about 5%, since the maximum refinement has been limited to 2 and 8, (2–8), plate elements for the upper

and the lower sub-laminate, respectively, whereas for h1=h2 ¼ 0:1 the error is less then 6% with a (2–10) sub-

laminate division. Although results shown in Fig. 3 are limited to a thickness ratio of 0.1, additional nu-

merical investigations have shown that the proposed model is efficient also for smaller values, if appropriate

sub-laminate divisions are adopted. The convergence with respect to results obtained from continuum
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analysis within the fixed thickness ratio h1=h2 ¼ 0:3, is illustrated in Fig. 4. Results obtained for mode

partition are also in a good agreement with those proposed by Zou et al. (2001). In addition, Point and

Sacco (1996) proposing a two-layer plate model adopting classical plate theory, also noted differences in

mode partition between results obtained by their model and by finite element solution of a continuum
model. This shows that the classical two-layer delamination model is not appropriate for mode decom-

position when h1 6¼ h2. Several schemes have been considered for different loading cases leading to similar

considerations. For instance, Fig. 5 show that for a pair of opposite axial forces, the curves representing

Suo�s results, shown in continuous lines, are in good agreement with those relative to the (2–5) sub-laminate

division. It is worth noting that adopting a coarse subdivision in plate elements leads to overestimate the

mode I energy release rate component, while the mode II one is underestimated. On the contrary, the total

energy release rate is well approached also in the case of a rough subdivision.
5. Numerical applications

In this section some mixed mode delamination schemes will be analyzed, comparing results to solutions

available in the literature and illustrating the capability of the proposed model to provide a realistic re-

construction of interlaminar stresses and of the local delamination front strain state.
5.1. Influence of shear deformability

Unfortunately, the solution obtained by using a local continuum analysis is restricted to the semi-infinite
crack scheme under remote edge loading and is valid rigorously for sub-laminates of homogeneous or-

thotropic materials. Consequently, some approximations must be introduced in order to deal with practical

laminate structures having a more complex lay-up and for which the classic plate theory is too approxi-

mated, since shear deformability effects cannot be neglected. On the contrary, as will be shown in the

following, the proposed approach is able to avoid the above-mentioned inconveniences. To this end the

influence of shear deformability on mode partition is now investigated. At first some numerical results are

given to analyze the pure shear loading condition. Numerical results proposed in Fig. 6 show that a pure

shear loading condition gives rise practically to only mode I energy release rate. This is in agreement with
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the conclusions drawn by Williams (1988) and Nilsson et al. (2001a). The pure shear loading condition is

simulated by eliminating bending effects trough a pair of moments opposite to those caused by the end

shear forces at the delamination front sections.

Fig. 7 shows plots of both individual and total energy release rates for a delaminated plate of an
isotropic homogeneous material having the same properties as the previous examples. Here results evi-

dence that the global energy release rate is well predicted already when a single plate element is introduced

to model each sub-laminate. On the other hand, the energy release rate mode I component increases as the

plate element number increases, whereas the mode II component decreases. This implies that when the

evaluation of shear deformability effects is improved, a better subdivision of energy release rate aliquots

arising from bending effects is gained. As a matter of fact, contributions arising from pure shear being

related to only the mode I energy release rate, are well evaluated also if a two-layer plate model is adopted

and inaccuracies in mode partition are related mainly to contributions associated with bending moments.
The convergence of mode partition procedure as the number of plate elements increases for end shear

force loading is examined in Fig. 8, where a vertical section of plot in Fig. 7 relative to Tlow=Tup ¼ �1, is

shown. Results for mode partition from the proposed model for different locations of delamination plane

over the laminate thickness, are shown in Fig. 9. In particular for two equal and opposite shear forces as

delamination moves away from the mid-plane the contribution to the mode II energy release rate in-

creases. On the other hand, when the forces have the same direction mode I energy release rate increases.

Finally the case of a E-Glass fibre/epoxy laminate with a cross-ply layup [0�/90�] with 18 plies, subjected

to end shear forces, is considered. The upper sub-laminate has a [0�/90�]3 layup, whereas the lower one a
[0�/90�]6 layup. Results concerning mode partition are presented in Fig. 10, whereas the convergence

behavior fot two equal and opposite shear forces is illustrated in Fig. 11. A convergence behavior similar

to that of Fig. 8 has been obtained. The mechanical properties of the unidirectional lamina are

E11 ¼ 45,000 MPa; E22 ¼ 12,000 MPa; m12 ¼ 0:19; m21 ¼ 0:274; G12 ¼ 5; 500 MPa (the 0�-direction is parallel

to the x direction).
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5.2. Comparison with classic delamination models

The objective of applications examined in this paragraph is to evidence how the proposed model is able

to interpret the different levels of approximations in delamination analysis, and to show the notable dif-

ferences between plate-based and continuum-based models, which are generally larger for orthotropic or

composite materials than for isotropic material. Fig. 12 illustrates differences in mode partition between the

two-layer plate model with shear stiffness approaching infinity (referred to as ‘‘Kirchhoff’’ model in Fig.

12), and the present model. The plate is made of an isotropic material with data from Eq. (19) and is
subjected to two equal and opposite shear forces. Sub-laminate divisions used in Fig. 12 are shown in Table

1. The comparison with the above-discussed classic delamination model is now performed for three dif-

ferent laminates with the same geometrical parameters and different mechanical properties: the first (1) is

composed of an homogeneous isotropic material, the second (2) is composed of an homogeneous ortho-

tropic material and the third (3) by two different homogeneous orthotropic materials for the upper and

lower sub-laminate. Table 2 shows the mechanical properties for the three examples: the last two assumes

an E1=Gi
xy ratio equal to 30. Table 3 shows the comparisons between classic and present models in terms of
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relative percentage differences for a delamination scheme loaded by two equal and opposite end shear
forces. The thickness ratio h1=h2 is equal to 0.5 and sub-laminate division is assumed (2–5). For instance,

for mode I this is evaluated as j Gclass
I � Gpresent

I j =Gpresent
I %. The percentages of energy release rate mode

components are shown in Table 4. Finally the effect of sub-laminate division on the differences between the

classic and present model is illustrated in Fig. 13, showing only differences in individual modes increase as

the division is refined. In this figure GT, GI, GII refer to the present model whereas GTK, GIK, GIIK to the

Kirchhoff model.

As shown via numerical results the total energy release rate is noticeably underestimated as far as the

two-layer Kirchhoff plate model is adopted, whereas it is well approached if each sub-laminate is modeled
by one shear deformable plate element. On the contrary a good approximation in individual energy release

rates requires also a refined sub-laminate division, since the mode I energy release rate component is always

underestimated.
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Isotropic material.

Table 1

Sub-laminate division in plate elements for the example in Fig. 12

h1=h2 0.2 0.3 0.4 0.5 0.6 0.7 0.8 1.0

(nu–nl) (2–8) (2–8) (2–6) (2–5) (2–4) (2–3) (3–4) (1–1)

Table 2

Mechanical properties of sub-laminates

Example Upper sub-laminate Lower sub-laminate

E1 (MPa) G1
xy (MPa) m1xz m1zx E2 (MPa) G2

xy (MPa) m2xz m2zx

1 70,000 26,923 0.3 0.3 70,000 26,923 0.3 0.3

2 70,000 2,333 0.3 0.3 70,000 2,333 0.3 0.3

3 35,000 1,167 0.3 0.3 70,000 2,333 0.3 0.3

Table 3

Relative percentage differences between classic and present models

Example GI GII GT

1 16.0 63.6 4.5

2 28.0 68.8 16.1

3 33.1 41.3 13.8

Table 4

Individual energy release rate percentages for proposed and classic models

Example Proposed model Classical model

GI=GT GII=GT GI=GT GII=GT

1 85.65 14.35 75.41 24.59

2 87.78 12.22 75.41 24.59

3 74.07 25.93 57.48 42.52
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6. Energy release rates and stress singularities

Analytical formulas are now obtained for both total and individual energy release rates in terms of

delamination front stress resultant discontinuities, by applying the Griffith criterion and the virtual crack

closure method (VCCM) to the present formulation based on interface and plate variables. The total energy

release rate can be obtained by working in terms of plate element strain energies or interfacial quantities.

According to the former approach, the energy release rate, calculated as:
G _aa ¼ � d

dt
Pðui;wi;wiÞ; ð20Þ
where P is the limit of Pk when the interface stiffness parameters approach infinity, after some algebraic

calculations gives
G ¼
Xnuþnl

i¼1

1

2
sNiei

�
þMiji þ Ticita � sTitawi

�
; ð21Þ
where the symbol sf ta is specified in Appendix A, a point stands for partial differentiation with respect to

time-like parameter t governing the monotonic growth of the delamination and d=dt is the total time de-

rivative. This is generalized version of the formula obtained in (Greco et al., 2002) for a two-layer plate

model, and it can be expressed in terms of stress resultants by considering the constitutive relations. To

obtain Eq. (21), it must be noted that the penalized version of the total potential energy Pk must be

evaluated along paths for the variables satisfying Eq. (8), and that the time derivative involves integration
over two moving domains sharing the point x ¼ a, which is the location of stress resultant discontinuities.

The latter alternative is to extract discontinuities directly from the interface strain energy, starting from the

regularized version of the total potential energy:
G _aa ¼ � lim
k!1

d

dt
Pkðui;wi;wiÞ; ð22Þ
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where the limit procedure is performed for penalty parameters accounting for adhesion, thus leading to
Fig
G ¼ � lim
k!1

sKþ ryyDwnl þ ryxDunlta ¼ lim
kyx;kyy!1

1

2
ðkyyDw2

nl
þ kyxDu2nlÞ: ð23Þ
Eqs. (21) and (23) show the relation between the stress singularities causing finite limit values in interface

strain energy terms and stress resultant discontinuities which avoid dealing directly with stress singularities.
The latter approach, however, does not determine mode partition that, on the contrary, is obtained im-

mediately from Eq. (23). It is worth noting that, as shown by previous numerical simulations, the use of

more than two elements provides a refinement at the level of mode partition, but not for the total energy

release rate prediction. As a matter of fact, a crucial improvement in energy release rate determination is

obtained by using two plate elements instead of one in the undelaminated region, since in the latter case

contributions to the energy release rate arising from the last term in Eq. (21), vanish, causing a notable

underestimation of shear effects.

According to VCCT the energy released into individual modes is half the work performed by delam-
ination front point Lagrange multipliers (see Fig. 14b) before the delamination is advanced by da through

separations occurring after the delamination is extended by da (see Fig. 14a):
GI ¼
1

2da
kcwnl

Dwnl ; GII ¼
1

2da
kcunlDunl ; ð24Þ
where the expressions for Lagrange multipliers and separations are included in Appendix B. Utilizing
adhesion constraint and constitutive relationships (see Eqs. (B.3)–(B.5) in Appendix B), after some alge-

braic manipulations leads to the following formulas:
GI ¼
Xnuþnl

i¼1

1

2
sTicita

�
� sTitawi

�
; GII ¼

Xnuþnl

i¼1

1

2
sNiei

�
þMijita

�
: ð25Þ
The above results provide interesting analytical formulas for individual energy release rate components. A

possible advantage of using Eq. (25), consists in avoiding more than one stress analysis of the delaminated
plate needed to apply the VCCT, since individual modes can be extracted directly from stress resultant

discontinuities.

Eq. (25) show that shear deformability directly affects mode I energy release rate component since is

related only to jumps in shear stress resultants and strains at the crack tip, while mode II arises from jumps

in membrane and bending quantities at the crack tip. To gain better insight into this latter point, for
. 14. Virtual crack closure method representation in the present model: (a) separations scheme; (b) closing forces scheme.
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instance, the symmetrical DCB scheme composed of two equal orthotropic materials and subjected to

opening moments shown in Fig. 15, can be considered. For the sake of simplicity, a double plate model

(nu ¼ nl ¼ 1) is adopted for this example. In this case no jumps in bending moment resultants occur at the

crack tip and thus according to Eqs. (25)2 GII vanishes, whereas jumps in shear stress resultants, related to
the presence of a vertical point Lagrange multiplier, cause a non-zero GI (see also Bruno and Greco, 2003).

As a matter of fact (see Fig. 15) since T at x ¼ a� is equal to zero, due to equilibrium requirements at

x ¼ aþ, T (denoted as Tþ) is equal to the point Lagrange multiplier kcwnl
:

Tþ ¼ Hðw0 þ wÞjx¼aþ ¼ kcwnl
:

In view of the fact that w0 at x ¼ aþ is equal to zero due to adhesion constraint, then
Tþ ¼ Hwjx¼aþ ¼ kcwnl
:

Using results obtained in Eq. (20) of (Bruno and Greco, 2001a) for ðL� aÞ=h ! 1, we obtain
wjx¼aþ ¼ wjx¼a� ¼ � Mffiffiffiffiffiffiffi
HD

p ¼ T
H
;

and applying Eq. (25)1 leads to
GI ¼ 2
1

2
sT2c2ta

�
� sT2taw2

�
¼s T 2

2

H ta
� 2sT2ta

T
H

¼ T 2

H

����
aþ

¼ M2

D
:

In the previous equations H and D denote the shear and bending stiffnesses of the two equal plates, re-

spectively.

A further understanding of the effectiveness of Eq. (25) can be gained by examining the results shown in

Fig. 6, where a pure shear loading condition gave rise only to the mode I energy release rate. To prove this it

is sufficient to consider that Eq. (B.2)2, due to constitutive relations (4), furnishes a zero relative sliding

displacement, when only shear stress resultants act on sections behind the delamination front and belonging
to plate elements adjacent to the delamination plane (i.e.Mi ¼ Ni ¼ 0, i ¼ nl, nl þ 1). As a consequence, it is
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evident that inaccuracies in energy release rate evaluation obtained by adopting a classic delamination

model evidenced in Figs. 12 and 13, are related to an underestimation of the mode I energy release rate.
7. Delamination and contact

Numerical simulations are now performed to assess the efficiency of the combined interface/multilayer

approach for delamination analysis of laminates accounting for crack–face interactions due to contact.

Some practical problems are considered to verify the performance of the proposed model and to analyze the

influence of contact between delaminated members on delamination growth features.

At first, a homogeneous plate containing a mid-plane delamination is considered. The two delaminated

elements are loaded by two opposite moments so that crack face interpenetration occurs if contact con-
straint is not incorporated into the analysis. A two-layer plate modeling is adopted due to the mid-plane

symmetry about the delamination plane. Fig. 16 shows the behavior of the opening relative interface

displacement in the penalty procedure: the contact area is decreasing under external loading and contact

tends to be maintained in a single point at the ends of the delaminated members. In Fig. 17 the total energy

release rate is shown as the penalty parameters approach infinity, revealing the good convergence behavior

of the proposed method. In this example the choice of equal values for penalty parameters simulating

adhesion and contact was adopted. Attention is now focused on the laminate considered in Fig. 13,

composed of two different orthotropic materials and subjected to two equal end moments leading to
contact between delamination faces. Two and five plate elements are incorporated in the analysis for the

upper and lower sub-laminates, respectively, and equal values for penalty parameters related to sliding and

opening interface displacements are adopted. As shown in Fig. 18, the overlapping region decreases as the

penalty procedure advances and tends toward a point. The situation is somewhat similar to the previous

example but features involved both in the deformation process and in the numerical analysis are more

variegated. For instance, in order to make the numerical procedure more efficient the penalty parameters

for adhesion and contact have been increased with different rates, once a threshold value of kh2=E2 ¼ 0:05 is
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reached. This ensures a smooth behavior of numerical values for energy release rates, since the satisfaction
of the contact condition disturbs the convergence of fracture energies during the numerical penalty pro-

cedure. In addition, satisfaction of the contact and adhesion conditions occur at larger values of penalty

parameters with respect to the previous example. The final admissible configuration for the delaminated

plate is shown in Fig. 19 together with the physically inadmissible configuration arising if contact is not

taken into account. For the case without contact analysis, the upper sub-laminate penetrates into the lower

one. The convergence of the total energy release rate and of its mode components is investigated in Fig. 20,
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where, in addition, deviations of numerical results without contact analysis when compared with the case
obtained including contact, are illustrated. When contact is taken into account the energy release rates

decrease since the deformation mode requires greater strain energy. Moreover, the thicker sub-laminate is

forced by the thinner one to deflect and, as a consequence, the mode I energy release rate component is

greater than the mode II one, a situation opposed to the analysis without contact. Note that the mode I

energy release rate component corresponds to a co-penetration at the delamination front (Dw < 0), and this

should be considered as zero according to Eq. (2). Nevertheless, Fig. 20 shows both mode components in

order to compare the mechanical behavior of the laminate in the two different analyses.

These results shown that contact analysis is inevitable for analyzing some loading configurations in a
delaminated plate. Finally, the above numerical studies show the ability of the proposed model to account

also for non-linear interface laws. Consequently it is expected that the present model will perform well for

more complex circumstances such as laminates containing multiple delaminations when delaminated

members often may often come into contact. In this case, the use of the proposed multilayer plate modeling,

which well simulates well the three-dimensional behavior at the delamination front, may avoid the

anomalous discontinuity behavior of energy release rate detected in previous investigations utilizing classic

plate modeling (see, for instance, Larsson, 1991).
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8. Conclusions

A laminate model based on multilayer shear deformable plate modeling and interface elements is pro-

posed to analyze mixed mode delamination. Interface elements, based on fracture mechanics and contact
mechanics, are introduced along the delamination plane to simulate perfect bonding and to prevent the

interpenetration of delaminated members.

The coupling of a penalty procedure with the Lagrange multiplier method, used to enforce displacement

continuity between plate elements away from the delamination plane, results in an accurate and direct

energy release rate evaluation. Comparison with results available from the literature obtained with the

continuum approach, shows that the proposed model is capable of capturing the different levels of ap-

proximations in delamination analysis by refining sub-laminate division in plate elements, ranging between

the extreme cases of classical delamination models and the continuum-based models. Furthermore, original
analytical results are obtained with respect to mode partition, which are useful to evidence the effectiveness

of the proposed approach and to gain a better insight into the influence of shear effects on mode decom-

position.

The most notable advantages detected in the present investigation of two-dimensional delaminated

structures, are here evidenced:

• it may avoid complicated computations based on solid finite element analyses and not convenient from

the engineering point of view, which may become very expensive for complex delamination problems
(multiple delaminations, interface contact, bridging, composite laminates with general ply-stacking se-

quence);

• the complications related to oscillatory behavior of energy release rates are avoided through the use of

interface and plate variables;

• it provides an effective mode decomposition accurately incorporating shear effects;

• the proposed method may be utilized to include several kinds of non-linear interlaminar behavior (such

as bridging, strain-softening damage laws, etc), as well as crack face interaction due to contact, which

must be accounted for to analyze progressive delamination occurring frequently during the post-delam-
ination phase.

The previous considerations underline that the model analyzed in the current work, represents an ef-

fective bond between classic fracture mechanics concepts and interface approaches coupled with laminate

theory, and show the effectiveness of the model to deal accurately with two-dimensional mixed mode

delamination problems, while retaining the advantages of a plate-based approach.

Appendix A

Lagrange multipliers arising from interface displacement continuity requirement, assume the following

expressions:
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where a prime denotes differentiation with respect to x. The stress resultants matching conditions are given

as follows
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where sf ta denotes the jump f � � f þ occurring at x ¼ a in the enclosed function, with the superscripts +

and – denoting that the function is evaluated at x ¼ aþ and x ¼ a�, respectively. Similar expressions can be

obtained for the boundary conditions of stress resultants.
Appendix B

The point Lagrange multipliers, reflecting singularities in normal and shear interface stresses in the limit

as interface stiffness parameters approach infinity, are evaluated as:
kcwnl
¼ �s

Xnl
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Tjt
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Tjt
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; kcunl ¼ �s
Xnl
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whereas the corresponding interlaminar separations can be expressed as:
Dwnl ¼
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where all quantities are evaluated at the delamination front. For the mode I computation, due to the perfect

adhesion hypothesis between adjoining plate elements, it follows that
w0þ
nl
� w0þ

nlþ1 ¼ 0 ðB:3Þ
and, consequently,
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by virtue of the constitutive relationships. Eq. (B.4) allows to write Eq. (B.2)1 in terms of shear stress re-

sultants discontinuities. On the other hand, the VCCT application for mode II needs the following equa-

tions:
Du0þ ¼ u0þnl

	
� w0þ

nl

tnl
2



� u0þnlþ1

	
þ w0þ

nlþ1

tnlþ1

2



¼ 0; ðB:5Þ
which allows to express Eq. (B.2)2 in terms of jumps in membrane strains and curvatures.
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